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For p a prime of the form 8m ~: 3, Karlin and MaeWilliams (1972) have 
constructed some (2p + 2, p + 1) codes which are the binary images of the 
(p + 1, (p + 1)/2) extended quadratic residue codes over GF(4). For p a prime 
of the form 8m + 3, the (2p + 2, p + 1) codes are equivalent to the codes 
proposed by Bhargava et al. (1974). In the related (2p, p) quasi-cyclic odes, the 
numbers of symmetrically placed odd weight words are equal. 
THE CODES 
It is necessary to recall the following from Karlin and MacWilliams (1972): 
Let Q and N denote the set of quadratic residues and quadratic nonresidues, 
modulo p. Define the following polynomials: 
q(x) = Z x~, 
~N 
and 
j(x) ~-~ ~ X i. 
/=0 
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Clearly, 
q(x) + n(x) = 1 + j(x). 
Also, for p a prime of the form 8m J= 3, 
q2(x) = n(x) and n2(x) = q(x). 
Let (1, ~, fi) denote the nonzero elements of GF(4). Then the (p  + 1, (p  @ 1)/2) 
extended quadratic residue code can be specified by a generator matrix of the 
form 
OO 
0 
1 
p- -1  
oo 0 1 .-. p - -1  
1 1 1 "'" 1 
o~ + q(x) for 8m + 3 primes, 
and 
oo 0 1 "" p - -1  
1 1 --" 1 oo 1 
p- -1  
/3 + q(x) for 8m --  3 primes. 
These codes can be mapped into (2p + 2, p + 1) binary codes, with generator 
matrix of the form 
oo 0 1 "" p- -1 oo 0 1 ' "  p- -1 
OO 
0 
1 
p--1 
0 0 0 "" 0 1 1 1 "" 1 
0 
0 
0 
1 + q(x) for 8m - /3  primes, 
643/38/z-z 
150 
and 
O0 
0 
1 
p--1 
0 
0 0 
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1 •-- p - -1  ~ 0 1 "" p - -1  
0 ". 0 1 1 1 "" 1 
0 
0 
0 
for 8m --  3 primes. 
SOME REMARKS 
Note that the generator matrix for the (2p q- 2, p -}- 1) can be raerranged as 
0 1 "" p - -1  
0 
j~ 1 + q(x) 
0 
1 
p- -1  
for 8m q- 3 primes. 
Here j  = (1 1 "'" 1) is a row vector ofp ones. 
Now for p a prime of the form 8m + 3, zero and the set of quadratic residues 
form a (Sin + 3, 4m + 2, 2m + 1) difference set of the Hadamard type (this 
follows from the fact that -- 1 is a quadratic nonresidue for p a prime of the form 
8m j -3 ,  and the set of quadratic residues forms a (8m + 3, 4m + 1, 2m) 
difference set). Hence, 1 + q(x) is clearly the leading polynomial of the incidence 
matrix of a difference set of the Hadamard type and we have 
Remark 1. For p a prime of the form 8m + 3, the (2p + 2, p + 1) codes of 
Karlin and MacWilliams (1972) are equivalent o the codes proposed by 
Bhargava et al. (1974)• 
Thus Corollary 3.1 in Bhargava et al. (1974) furnishes an alternative proof of 
the fact that the codes are self-orthogonal with weights divisible by 4. 
The (p + 1, (p + 1)/2) extended quadratic residue code has, with k l's, 
l ~'s, and m/3's weight relations: 
For 8m + 3 primes, k ~ 1 -~ m ~ 0 (rood 4). 
For 8m --  3 primes, k ~ l ~ m ~ 0 (rood 2). 
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These also show that after mapping into GF(2) we have all weights -~ 0 mod 4 
in the (2p + 2, p 4- 1) code. Mapping is two l 's for a 1, one in a eirculant for 
an ~, and in the other for a/3. Sum of an even number of circulant rows is a word 
of the (p  - -  1)/2 code with 0 in the border. Sum of an odd number of rows 
has a/3 in the border. Suppressing the border (loss one) we get the odd weight 
words of the related (2p, p) binary quasicyclic ode. 
We also have [~ + q(x)] 2 = fl - /u(x) .  Clearly [~ + q(x)] + [/3 + n(x)] ~-j(x). 
Therefore, if we take odd weight wordsf(x)  andfe(x) we obtain complementary 
weights as we need to take f(x)[~ @ q(x)] and f2(x)[]3 @ n(x)] for correct 
squaring which keeps weights (with ~fi permutation). Thus we have 
Remark 2. In the (2p, p) quasi-cyclic code the numbers of symmetrically 
placed odd weight code words are equal, i.e., A2i-1 = Az~-(2i-1) • 
To illustrate the point we show that f (x) = 21 + 1 + x (mod 13) has com- 
plementary weights by ~ + q(x) and/3 + n(x). 
12 
0 
1 
+ q(x) /3 + n(x) 
co 0 "" 4 "." 8 -'. 12 oo 0 ". 4 "" 8 "-. 12 
i 
| 
f i l  • 1 1 . . . .  1 1 . 1 ~ i . l l l i  i 
l f i l . l l  . . . .  11 .  2 . i .  111 i : . i  
f l a .  1 . . 1 . . • ~ ~/~ 1 1 1 1 1 1 1 1 
Weight (2, 2, 2), i.e., 8 or 7 Weight (8, 2, 2), i.e., 20 or 19 
(Here (k, l, m) denote the number of l's, ~'s, and fl's in the GF(4) code.) Sum 
x -~ + 1 + x ~ will have complementary weight (8, 2, 2). 
For p ~ 5, 11, 13, and 19 the weight distribution of the (2p, p) codes is as 
follows. Here A i denotes the number of code words of weight i: 
p=5 p=l l  
i Ai i A~ 
0 1 0 
3 5 7 
4 5 8 
5 6 11 
6 10 12 
7 5 15 
16 
1 
176 ~ 24 • 31 
330~2-3 .5 -11  
672 ~ 61 • 11 + 1 
616 ~ 28 • 7 • 11 
176 ~ 24 • 11 
77 ~ 7 .11  
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p = 13 p = 19 
A i i A~ 
0 1 0 1 
7 117=32.13  7 57=3-19  
8 273 =3.7 .13  8 171 =32,19  
9 338 =2.132 11 4522=2.7 .17 '19  
10 598 =2-23 .13  12 10374=2"3"7 .13 .19  
11 923 = 71 • 13 15 59223 = 3 • 1039 • 19 
12 1105 = 5 • 19 • 13 16 84759 = 3 • 1487 • 19 
13 1340 = 103 • 13 + 1 19 134540 = 7041 • 19 q- 1 
14 1300=22.52 .13  20 128212 -=23.7"241.19  
15 923 = 71 • 13 23 59223 = 3 • 1039 • 19 
16 598 =2.23"13  24 36765=33.5 -43 .19  
17 338=2-132 27 4522=2.7 .17-19  
18 182 = 2 • 7 • 13 28 1862 = 2 • 72 • 19 
19 117 =32.13  31 57 =3-19  
20 39 = 3 • 13 
SUMMARY OF KNOWN RESULTS 
Following is a summary of the minimum weights in the (p  + 1, (p  + i)/2) 
extended quadratic residue codes over GF(4) and their binary images, i.e., the 
(2p + 2, p -}- 1) codes for p a prime of the form 8m J= 3. 
Min imum wt. in (p + 1, (p + 1)/2) 
extended QR over GF(4) 
Min imum wt. of their 
binary images 
3 d=3 d=4 
5 d=4 d=4 
11 d=6 d :8  
13 d :6  d --  8 
19 d=8 d=8 
29 d=12 d=12 
37 d=12 d=12 
43 d=14 d=16 
53 d= 14 d~18 
59 d --  14 d~16 
These minimum weights are due to Karlin (1969), Karl in and MacWilliams 
(1972), and Assmus and Mattson (1972). 
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